Abstract. In this paper, the non-existence of connected, compact Einstein doubly warped product semi-Riemannian manifold with non-positive scalar curvature is proved. It is also shown that there does not exist non-trivial connected Einstein doubly warped product semi-Riemannian manifold with compact base B or fibre F .
Introduction
In 1969, Bishop and O' Neill [6] introduced singly warped products or warped products to construct Riemannian manifolds with negative sectional curvature. Warped products have significant applications in many areas like general relativity, solutions of Einstein's equations [1] , [4] and in many areas of geometry because of their role in construction of new examples with interesting curvature and symmetry properties [5, 8, 11, 23] .
After that, theory of relativity demands a larger class of manifold and then idea of doubly warped products was introduced. In 1983, O'Neill [23] discussed doubly warped products and derived curvature formulas of doubly warped products in terms of curvatures of components of doubly warped products. Doubly warped products and its properties are studied by many authors [12, 13, 14, 21, 24, 26, 27] in different aspects.
In 1983, Besse [5, p.265 ] gave the open problem "Does there exist a compact Einstein warped product space with nonconstant warping function?" In 2002, Kim [16] studied the Einstein warped product spaces and proved that there does not exist a compact Einstein warped product space if the scalar curvature is non-positive or the base is of 2-dimensional.
In 2003, Kim and Kim [17] gave the partial answer of Besse question and showed that there does not exist an Einstein warped product space with nonconstant warping function if the scalar curvature is non-positive and base is compact. In 2005, Mustafa [22] generalized the result of Kim and Kim [17] and proved the same result with no condition on scalar curvature.
For semi-Riemannian manifold, Beem et al. [4] and Easely [10] proved that if M = B × f F is a 4-dimensional Ricci flat warped product, where base B as a surface of constant curvature, then 268 PUNAM GUPTA M is simply a product manifold. Compact Einstein warped product Riemannian manifold has been studied by many authors [7, 9, 18] .
The purpose of this paper is to extend the result of [16, 17, 22] . The non-existence of connected compact Einstein doubly warped product semi-Riemannian manifold with nonconstant warping function is proved if the scalar curvature is non-positive. In the last, it is shown that there does not exist non-trivial connected Einstein doubly warped product semiRiemannian manifold with compact base B or compact fibre F . After that, an open problem in the Finslerian set up is given.
Preliminary
Doubly warped product manifolds were introduced as a generalization of warped prod- 
Thus we have
The function h and f are called the warping functions of the doubly warped product. The manifold B is known as the base of (M , g ) and the manifold F is known as the fibre of (M , g ).
If the warping function f or h is constant, then the doubly warped product h B × f F reduces to a warped product h B ×F (orB × f F ), where the fibreF is just F with metricg F given by The set of all smooth and positive valued functions h : B → R + and f :
The set of all such horizontal tangent vector lifts will be denoted by L (p,q) (B ). Similarly, we can define the set of all vertical tangent vector lifts L (p,q) (F ).
Let X ∈ X(B ), where X(B ) is the set of smooth vector fields, then the liftX of X to M is the unique element of X(M) whose value at each (p, q) is the lift of X p to (p, q). The set of such lifts will be denoted by L (B ). In a similar manner, we can define L (F ). Throughout the paper, we assume that 
Doubly warped product semi-Riemannian manifold
In this section, we give some results on Einstein doubly warped product semi-Riemannian manifolds. 
Remark 3.3. Above Corollary 3.2, gives existence of Einstein DWP semi-Riemannian manifolds.
Lemma 3.4 ([17]). Let ϕ be a smooth function on a Riemannian manifold M . Then for any vector field X in M , the divergence of the Hessian tensor H
where △ denotes the Laplacian on M .
Note: This Lemma is true for semi-Riemannian manifold case also. Proof. On contraction of (3.4) with respect to X and Y , we have
By using Bianchi second identity, we can easily obtain
From (3.9) and (3.10), we get
It is easy to show that
Let e 1 , · · · , e n 1 be an orthonormal frame of B . Then
Using (3.4), (3.8) and (3.13) in (3.14), we obtain
Therefore by (3.11) and (3.15), we obtain 0 = d (n 2 − 1)g B (▽h, ▽h) + h∆ B h + h 2 µ and hence
Similarly, we have the result.
Proposition 3.6. Let F, g F be a connected compact semi-Riemannian manifold with n 2 ≥ 2
and f be a non-constant smooth function on F satisfying (3.6) for λ 2 ∈ R and n 1 ∈ N. Then f satisfies (3.5) for λ 1 ∈ R.
Hence by using Propositions 3.5 and 3.6, we can form a connected compact Einstein DWP
The above necessary condition yields the following non-existence result for connected compact Einstein DWP semi-Riemannian manifold with non-positive scalar curvature. Proof. By (3.5), we get
On integration (3.17) over F , we have 18) where V (F ) denotes the volume of F . There are two cases:
Using (3.17), we have
By (3.18), we get (n 1 − 2)
but the above quantity is greater than or equal to zero, by virtue of our hypothesis because we take non-positive scalar curvature. Therefore, we can say that f is constant.
Using (3.5), we have
but the above quantity is less than or equal to zero, by same reason, which shows that f is constant.
In the similar process by using (3.7), we can show that h is constant. This completes the proof. 
Then the warping functions h and f are constants and, up to a scale, M is a simply product semi-Riemannian manifold.
Proof. By (3.1), we have
Given that M is Einstein manifold with Einstein constant µ, therefore the above equation reduces to
Similarly, by (3.3) and using the fact that M is Einstein manifold with Einstein constant µ, we have
If
there are three cases:
Therefore h and f become superharmonic or subharmonic function. Since B and F are compact spaces, h and f must be constants.
For
Therefore h and f are superharmonic or subharmonic function. Since B and F are compact spaces, h and f must be constants.
Thus M is a product semi-Riemannian manifold.
Note: If any of the (B, g B ) and (F, g F ) is compact space, then either h or f will be constant. Therefore, M is a warped product semi-Riemannian manifold.
By above Proposition, we can conclude the following result for the non-existence of connected, compact Einstein doubly warped product manifolds. Proof. There will be three situations:
Then it admits a metric with zero scalar curvature.
2) If B or F is 2-dimensional manifold. Then it admits a metric of constant curvature.
3) If B or F is of atleast 3-dimensional manifold. We know that every compact manifold of dimension ≥ 3 admits a metric of constant negative curvature [20] .
Therefore by using the Proposition 3.8 and above three results, we can say that there does not exist non-trivial Einstein doubly warped product manifolds. Warped product (doubly warped) manifold in Finsler setting has been studied by Asanov [2, 3] , Kozma et al. [19] , Peyghan and Tayebi [25] . Now, it is an open problem that "Does there exist a compact Einstein doubly warped product Finsler manifold with nonconstant warping function?", which is the generalization of Besse [5] open problem.
